This paper describes both theoretical and experimental investigations of the error behaviour
of cryo current comparators (CCC) as a function of the geometric parameters of the super-
conducting shields. The basis of our calculations has been the attenuation of magnetic fields
by a superconducting coaxial cavity. The theoretical results agree with experiments which
have been performed on a special test configuration of a CCC. Its main feature is a toroidal
shield made from mercury with an elongated gap region forming the coaxial cavity.

The results obtained are applicable to all types of CCCs. We found that the superconduct-
ing coaxial cavity behaves like a filter which transmits only the useful signal containing in-
formation about the net current linkage. All other fields contributing to the error of the

comparator are attenuated exponentially.

Field attenuation as the underlying principle of

cryo current comparators

K. Grohmann, H.D. Hahlbohm, D. Hechtfischer, and H. Liibbig

Since the first reports appeared on cryo current comparators
(CCCs)'+? and the explanation of the underlying principle®
using the Maxwell-London equations, several modifications
and applications have been described.*~7 DC errors below
107! can be obtained compared to values of 107® for con-
ventional current comparators.

Basically the only difference between various types is their

shielding configuration. One model encloses the ratio windings.

with a superconducting shield which is wrapped around a
SQUID magnetometer; while the other encloses a toroidal
detection coil by a toroidal shield configuration wrapped
by the ratio windings. The detection coil is part of a flux
transformer connected to a SQUID magnetometer. Both
types may be easily transformed into each other® and have
been found to be equivalent.

The individual properties of the different types of CCCs

are described by solving the Maxwell-London equations
taking into account the individual boundary conditions.
Because of the complexity of the mathematics analytic solu-
tions of this equation system are limited to special cases.’
From these results it can be concluded that in the detection
area of all CCCs the magnetic field distribution is mainly
governed by the superconducting shields and almost com-
pletely independent of the positions of the current carrying
wires. Furthermore, experiments with the toroidal configu-
rations show that the error behaviour depends on the geo-
metric parameters of the shield.® This suggests that field
components which do not contain information about the
net current linkage are attenuated on the way from the ratio
windings to the detection area. This assumption of field
attenuation gives a promising starting point for a detailed
description of the influence of geometric parameters on the
error of CCCs without requiring a complete solution of the
Maxwell-London equation system.
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In this paper we aim to elaborate this approach theoretically
and experimentally for the geometry of a double cylinder
arrangement. As will be discussed later, this geometry is
common to all known CCCs if the outer shielding is
considered part of the comparator system. In the first part
of this paper the field attenuation in a double cylinder is
analytically developed and numerically calculated for some
relevant cases. In the second part experiments are described
whose results are in agreement with the calculations and
confirm the attenuation model of the CCCs.

Theory

Foundation of the diamagnetic model

Considering shields consisting of superconductors of the
London type. Disregarding non-local effects this means that
the relation between the spatial density j ) of the super-
conducting screening currents and the electromagnetic fields
E, B are given by

0
BN Vxji® = =B —j® =E (1

Here A denotes the temperature-dependent penetration
depth and y is the permeability of vacuum. The distribution
of the electromagnetic field is governed in a unique way by
the Maxwell theory, supplemented by the proper boundary
conditions.

For the case of a superconducting shield surrounding a
current carrying wire, the exponential decay of the pene-
trating field due to the Meissner effect is accompanied by a
strong deformation of the field pattern. The magnetic field
lines tend to adapt themselves to the contours of the super-
conducting shield.? If the thickness of the shield is large
compared with the penetration depth, the field distribution
in the outer domain practically equals that caused by an
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ideal diamagnetic shield configuration. In this diamagnetic
representation the magnetic field is completely excluded
from the interior of the shielding material and the response
to an applied field is given by surface currents of density

g = lim (A i).

In the following we use the Maxwell-London theory in this
ideal diamagnetic limit. Furthermore, we assume that super-
conductivity has been set up without any magnetic field,
that is, frozen-in-fluxes are neglected. If we confine our
considerations to stationary cases we can derive the mag-
netic field outside the superconductor from a scalar poten-
tial V

B=—~VV V)]

which obeys the Laplace equation

AV =0 3)

The diamagnetism of the superconducting shields is described

by
v
e ) 4
™ 4)

on all shield surfaces where 9/0n denotes the derivation
with respect to the normal of the surface.

Field attenuation by concentric superconducting cylinders

The arrangement considered is shown in Fig. 1. A cylindrical
cavity of inner radius r;, outer radius r,, and of infinite
depth is formed by two concentric cylinders. Outside the
cavity a magnetic field exists, whose penetration into the
cavity will be studied.

In cylindrical coordinates the Laplace equation is given by

1 9 av 1 2%V 2%V
——lp—} + = =+ =
p Bp( ap) p? 3> 822 0 ®)

Using V(p, ¢, z) = R(p) ¥(¢) Z(z) (5) can be split up into
three ordinary differential equations of second order, the
solutions of which are connected by two separation para-
meters # and k°

A4¢ + B n=0 (6
o¢) = { o

Apsin(ng+8,) n>0 (6b)

Cz+D k=0 (7a)
2(z) =

Cre**? + Die® k>0 (7b)

Elnp + F n=0 k=0 (8a)
R() = { EQp" + F0pn n>0 k=0 (8b)

Endn(kp) + F,Y,(kp) 20 k>0 (8c)

where J, and ¥,, denote ordinary Bessel functions of the
first and second kind, respectively and of integer order.
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Fig. 1 Coaxial cavity

The general solution for ¥ is obtained by summing up the
combinations of R, ®, and Z for all possible values of 7 and
k. These values must be determined together with the coef-
ficients 4 - + « F from the boundary conditions:

The symmetry of the external field B determines the sym-
metry of our solution and thus-the related values of 7. Ifv
is to be single-valued, we get 4 = 0. If we allow an axial
current I to flow in the region p <r; from Ampere’s law
A = —uol/2n. Because of the infinite depth of the cavity
and the exclusion of a frozen-in field we further obtain
C= Cy, = 0. The last boundary condition

v _

= 9)
on P a

at p = r; and

leadsto £ = E} = Fp = 0.

The complete solution in our case is given by

Vip, 9,2y = — (upl/2m)¢ + Z Aok[Eoij(kp)
all &
+ FyYo(kp)le ™™ + z Z Api[Enln(kp) +

1 allk

N
Il

+ F,Y,(kp)]sin (ng + 9,,) e™** (10)

As we are interested in the attenuation of the applied field
with increasing z, we have to determine the values which
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the constant & can assume. The boundary conditions (9)
lead to

EnJr’z(kri) + FnYn'(kri) =0
(1D
EnJ;;(kra)+ E, Y;;(kra) =0

where the prime denotes the derivative 8/9p. To ensure unique

solutions £, and F), the determinant has to vanish
Tn(kry) Yp(kry) ~ Ju(kry) Ya(kr) = 0 (12)

This eigenvalue equation has an infinite number of solutions,
which determine the possible values of k. These solutions
can be found in the literature for a variety of r,/r; ratios'®
Each order » has its own set of solutions AT, « « « , &0, « -«
Therefore fields of different symmetry, that is different n,
will be attenuated in a different manner. This analysis shows
that the field attenuation in the coaxial cavity is determined
by the solutions of the eigenvalue problem. The important
cases are considered quantitatively in the following sections.

Fields of first order (n = 1)
The external applied field is assumed to have a potential

Vext (0, 0,2) = V(p,z)sin ¢

This can be realized by a homogeneous field, ¥ = const p,
or by a magnetic dipole at p =0, ¥ = const p/(p® + z2)*2.
For this symmetry (10) reduces to

Vip,6,2) = Z Vi(p, ) e~Fm 2 (13)
=1

The first three roots'® of the eigenvalue equation (12) for this
case are plotted in Fig. 2 as a function of the ratio r, /r;. For a
very thin cavity, that is 7,/r; = 1, only one root kj r, =1
exists, giving

Ve, d,2) = Vi(p,¢) e **/a a4
100
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n=l
20
ka
—E10 m=3 8.54
m=2 5.33
5 —
> L m=l 1.84
/' 1 1 1
l 2 5 10 20 50 100
rﬂ/rl

Fig. 2 The first three roots kJy ra of

Sk ri) Yi ki, ra) — Jilkipra) Yilkipri) = G
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For a somewhat broader cavity we obtain finite contribu-
tions from the higher roots. for example. for #,/r; = 1.1

V = Vle—l.osz/r“ + [;,-2e—34.5:,’;~:l + 1!30'69.1:]"'3-}-...
(15)

Because of the rapid decreases of the exponentials only the
first term gives any noticeable contribution. For the limit
r; =0, that is the cavity becoming a simiple tube, we find
from Fig. 2 the known result"

V o= Ve t®ra o4, (16)
This shows the simple superconducting tube is more effect-
ive in attenuating transverse magnetic fields than a coaxial
type cavity.

Fields of higher order {n > 1)

The potential of the external applied field may contain all
sinusoidal components

Ve (0:6,2) = O Valp,2)sin(ao+0,) (1)
n=1

This type of potential corresponds in general to an inhomo-
geneous field. In the proceeding section only the first eigen-
value (m = 1) gave a measurable contribution. Here this is
also valid. If we consider for each order n only the first
eigenvalue, then the double sum of (10) reduces to

o

Vo, 62) = D Valp,0) et (18)

n=1

As can be seen from Fig. 3 this sum is given in the case of a
very thin cavity by

V = N e'iz/’a + Vze_zz/ra + V38_3Z/ra + ..

(19)

From this we see that terms of nth order will display n

times stronger attenuation than the first order contributions.
Therefore, we expect these higher modes to be measurable
only at shorter screening lengths, that is, for zfr, <2. At
larger values of z the longest remaining term, if still measur-
able, will be the first one.

Field of order zero {n = 0)

The applied field is taken as axially directed and independent
of ¢. Now we must select from (10) all solutions with
n =0, thatis

Vp.2) = > V(e ke 20)
m=1

The first three eigenvalues'® of the corresponding zero-order
eigenvalue equation are plotted in Fig. 4. For a thin cavity
we have very strong field attenuation. Even in the limit

#a/r; = oo (simple cylinder) the known™' result

V = Ve 38 + 2D
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gives an attenuation stronger than that of transverse fields.
We may therefore omit axially directed fields from further
considerations.

Field of a current carrying wire

We are interested in the attenuation of the field which is
generated by a current / flowing in axial direction at
p=€c(0<e< r)and ¢=0. It canbe shown that the
potential of this current in a plane above the cavity is given
by

Vext (0, 9)

= — (uolf2m) [¢ + HZ nt (—E) sinnq)] 22)

From the proceeding paragraphs we know that the terms in
the sum containing the position e of the current are
attenuated exponentially, On the other hand, as can be seen
by studying (10), the remaining term (— uol/2m)¢ is the only
solution which exists within the cavity without any attenu-
ation. Besides this it contains no information about the
position of the current. To obtain information about the
current independent of its location is essential for an ideal
current comparator.®> We see that the coaxial cavity
approaches this ideal comparator at a depth z where the
e-dependent terms are negligible.

Miscellaneous

There are two points we still have to consider. First, what
changes occur when we limit the depth of the cavity to a
finite value? In this case the positive exponential in (7b)

must also be taken into account. The new boundary condition

?-K = 0 at = | 23

Y Z= 23)
determines the ratio of the coefficients, giving

Z(z) = Dy(e"Merhz 4 ¢-kzy 24

This expressliém only deviates noticeably from the former
solution e™"* near the bottom with a maximum deviation
factor of two.

The second factor requiring clarification is the optimal
values of the radii r, and r; in a real comparator. Since

1/ry occurs in the exponentials, for fixed ratio r,/r; smaller
radii will give stronger attenuvation. Taking the smallest
value for 7, normally determined by the space necessary to
bring up the ratio-windings, the best attenuation is obtained
for ry & r; = Ipin. This can be observed by dividing the roots
of (12) by the ratio ry/r;, choosing the inner radius r; as a
reference in this way.

For small values of the width d of the cavity,
d=ry, —r;<0.2r; the values of k} r, plotted in Fig. 2
can be approximated by

d
2fi (25)
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Ty kS 1) Yo (kS 1) — I kS 1) Yotk r) = O

This demonstrates that in the case of thin cavities the
attenuation is nearly independent of the width.

By evaluating the complete solution (10), the same can be
shown for the field-strength itself. Since in real comparators
part of the flux leaving the gap region and entering the
detection coil is measured, we may expect therefore the
error signal of a CCC to be proportional to the width of the
cavity.
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Experimental details

Apparatus and method

The experiments were carried out using specially constructed
CCCs of the toroidal type (Fig. 5) with mercury supercon-
ducting shields (T, = 4.15 K). As mercury is in the liquid
state at room temperature, it allows the length [ of the
superconducting shields simply to be altered by adding a
suitable amount of mercury. Using plastic foils to separate
the mercury in the gap region we obtain very thin and uni-
form gaps of well-defined thickness. The cylindric plastic
foils are cemented on top of the detection coil, which is
sealed with adhesive to protect it against mercury. The
detection coil is fixed in position by several niobium screws.
The data of the two comparators used were:

A B

Total height 150 mm 160 mm
Max shield length 110 mm 125 mm
Diameter of foil cylinder 65 mm 34 mm
Thickness of foil 25/50/100 um 50 um
Turn number of ratio

windings 20 20
Ratio 1/1 1/1

The error E of the CCC is defined by

L _ M
L N

(1-E)

Plastic foil

Hg shieid

LT Ty

HIBE

Nb screw

T
Core with detection
winding

To SQUID

Fig. 5 Cryo current comparator with variable shield length
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Helmholtz coil

Detected flux ¢ , arbitrory units

0' -
Bar magnet
Foil thickness 50 um
Rodius  32.5 mm Ratio windings
(error)
i ] ] ] | ! 1 | ] i |
0 20 40 60 80 100
Shield length /, mm
Fig. 6 Attenuation of different magnetic fields as a function of the

shield length. {The linear parts correspond to a decay length of
31 mm. The curves are arbitrarily shifted in vertical direction.)

as the deviation ot the current ratio from the ratio of the
turn numbers, if the detector indicates zero. The primary
and secondary windings of the comparator have been dis-
placed by 180°. By this the zero error, that is, the error
without any shield, becomes insensitive to accidental varia-
tions of the individual turn positions.

Each of the shield configurations has been exposed to three
different fields, different in respect to their origins and their
distributions.

1. The field of a pair of Helmholtz coils placed outside the
cryostat and representing a nearly homogeneous field
normal to the axis of the cylinder.

2. The field of a small bar magnet outside the cryostat and
representing an inhomogeneous field.

3. The field generated by the ratio windings with opposite
current direction to obtain vanishing current linkage.
With this field the error of the different CCCs has been
determined.

The detection winding was connected to an rf SQUID-
magnetometer as part of a flux transformer. The resulting
flux due to the exposition to the three different fields has
been registered with a reproducibility of a few percent.

Results

In Fig. 6 the variation of the SQUID signal with varying
length is shown for the three different magnetic fields. The
width of the cavity was 50 um, giving a ratio r,/r; which
deviates from one by only 1.5 x 107>, This means that we
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must compare the results with the calculations in the limit
ry = ri.
From Fig. 6 it can be seen that:

(a)  Regardless of their different origin and configuration
the three probing fields produce the same exponential
decay with increasing screening length for lengths
greater than about 60 mm. The measured decay length
(decay by factor of e} is (31 £ 2) mm. The calculated
value is 32.5 mm.

(b) The lastes decay at shorter screening lengths confirms
the prediction concerning the detectability of the
higher modes for inhomogeneous fields, the decay
lengths of which have been shown to be 7,/2, r,/3 etc.
(The terms of higher order in the case of the Helmholtz
coils can be explained by field distortion caused by
other superconducting materials nearby.)

In Fig. 7 the attenuation of external fields with varying
screening length is shown for three different widths of the
coaxial cavity: 25 um, 50 pym, and 100 um. (By measurement
of the capacity it was shown that the thickness of the foils
used really determines the width of the annular cavity.) The
measurements show that the attenuation is independent of
the width of the cavity for the foils investigated. The theor-
etical prediction is that the decay lengths deviate from the
radius of the cylinder for the three foils investigated by only
0.7x 1073, 1.5 x 1073, and 3 x 1073, respectively. These
small deviations cannot be resolved in our experiments.

For two of the three foils the absolute flux values could also
be compared as they were glued to the same detector coil.
Small random deviations from circular symmetry in the
wiring of the detector coil determine the flux deflexion
measured by the SQUID. Therefore absolute comparisons of
fluxes intruding in different annular widths may be gained

10°
Foil thickness
x 25 um
4 50 um
2 x e 100 um
S 0%
o
g
.‘E
&
RS
=
2
©
-3
S 10k
©
o
i ] 1 1 I i ] i I ] |
0 20 40 80 80 100

Shield length /, mm

Fig. 7 . Attenuation of external fields for three different values of
fozl thickness as a function of the shield length. {The results for each
thickness have been shifted in the vertical to show the common law.)
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Fig. 8 Attenuation of external fields for different foil radii asa
function of shield length. {The decay lengths determined from this
figure are 31 mm and 16 mm respectively.)

only by using the same detector coil. With the same shield
length we found within experimental accuracy a linear
relationship between flux registered and foil thickness. A
practical consequence for the design of a CCC is to obtain
increasing shield length — which is easier to realize — in
preference to decreasing slit width.

Fig. 8 demonstrates the increasing attenuation of external
fields with decreasing radius. The decay length measured
with the second comparator is (16 + 1.5) mm which is in
good agreement with the theoretical prediction of 17 mm.
This result confirms the radius of the coaxial-type cavity
to be a very important design parameter.

In an additional experiment we investigated the effect of an
axially directed field. We could not observe any signal, which
agrees with theory. The experimental results point out that
for all practically occuring field distributions, the contribu-
tion of the field component associated with &} governs the
field attenuation within the cavity of a cryo current com-
parator and thus the shield dependent error behaviour.

Summary

The theoretical results of the attenuation model which have
been verified experimentally can be summarized as follows.

The coaxial cavity exponentially attenuates any field not
contributing to the net current-linkage. Only these fields
contribute to the error of the comparator. This error essen-
tially depends on the radius r, length /, and width d of the
coaxial cavity according to

E~der
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This means that each screening fength of 2.3 radii reduces
the error by one order of magnitude.

For comparators with very small errors a single cavity could
give an inconvenient total height. This can be avoided by
folding the slit region, which is possible using a variety of
methods.® This causes a new rim-like transverse cavity
element to appeat, the attenuation of which is negligible in
many cases.’? The most effective folding is a meander-like
one at the inner radius of the toroidal comparator.

All results obtained are not restricted to CCCs of the
toroidal type, since the coaxial cavity is an element com-
mon to all types of CCCs. This is obvious for modifications
with telescoped ends. For other modifications a coaxial
cavity is formed where the shielded ratio-windings are fed
through the SQUID shielding.

To conclude we note that when the relationships between
the geometrical shield parameters and the field attenuation
are known, it is possible to construct cryo current compara-
tors with a predictable upper limit to the dc error.

The authors wish to thank the Senator fur Wirtschaft, Berlin,
for financial help and Vacuum-Schimelze, Hanau, tor supply-
ing the supercondueting materials.
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