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1. Introduction and overview

Superconducting QUantum Interference Devices (R3Vare exceedingly sensitive detectors of
magnetic flux. They are amazingly versatile, arelable to measure any physical quantity that ean b
converted to a flux, for example, magnetic fieldignetic field gradient, current, voltage, displaeam
magnetic susceptibility, far infrared radiatione tensity of axions (if they exist) and the stdta o
superconducting qubit. As a result, the applicegtiof SQUIDs are wide ranging, from the detectibn o
tiny magnetic fields produced by the human braith tie measurement of fluctuating geomagnetic fields
in remote areas to the detection of gravity wavesthe observation of spin noise in an enseroble
magnetic nuclei. Hundreds of thousands of SQUI@sraoperation today.

SQUIDs combine two physical phenomena, flux quatiton, the fact that the fluk in a closed
superconducting loop is quantized [1] in unitshaf flux quantuntbg = h/2ex~ 2.07 x 1015whb, and

Josephson tunneling [2]. There are two kinds 3. The first [3], the dc SQUID, consists of two
Josephson junctions connected in parallel in arsopducting loop, and is so named because it can be
operated with a static currepias. The second [4,5], the rf SQUID, involvesrgke Josephson junction
interrupting the current flow around a superconithgctoop, and is operated with a radiofrequency flu
bias. In both cases, the output from the SQUIpeisodic with periodbg in the magnetic flux applied

to the loop. Typically, above a few hertz, thexfhwoise is of the order of 1®Hz 2 although for
some devices the noise may be an order of magriidmgs. In this chapter, | confine myself to dc
SQUIDs, fabricated from low transition temperat(ifg superconductors. A detailed description of
high-T.SQUIDs can be found in the article by Koeadkeal. [6]. A comprehensive account of SQUIDs
and their applications can be found in the SQUIMdHeoks [7,8]

In this chapter | describe the principles and apen of the dc SQUID, with an emphasis on its
application to amplifiers in both the classical auéntum regimes. | begin, in Sec. 2, with a brief
review of the resistively-shuntedsephson junction, with particular emphasis oreffexts of noise and
the observation of quantum fluctuations. In Selcdi8cuss the equations of motion for the dc SQUID
the current-voltage characteristics and noiseérctassical and quantum regimes. Sections 4 amd 5
concerned with the theory and practice of SQUID ldags in the classical and quantum regimes,
respectively. Chapter 6 contains a selection ofiegions of SQUID amplifiers.



2. Theresistively shunted Josephson junction
2.1 Equation of motion: the classical Langesfjuation

A Josephson junction [2] consists of two supercotats separated by a thin insulating barrier.
Cooper pairs of electrons tunnel through the barrmintaining phase coherence in the process. The
applied current, I, controls the differencé = ¢ — ¢ between the phases of the two superconductors
according to the current-phase relation

I=1_sing, (2.1)

0

where | is the critical current, that is, the maximum sgperent the junction can sustain. When the
current is increased from zero, initially therens voltage across the junction; for | g & voltage V
appears, and evolves with time according to the voltage-frequeratation

5 =2eVh = 2uV/d,, (2.2)

A Josephson tunnel junction has a hysteretic ntsreltage (I - V) characteristic. As the currént
increased from zero, the voltage switches abruptlynonzero value when | exceggsreturning to
zero only when | is reduced to a value much leasliy This hysteresis must be eliminated for SQUIDs
operated in the conventional manner, and one dpbg shunting the junction with an external shunt
resistance. The "resistively shunted junction" JR8odel [9,10] is shown in Fig.1(a). The junctlwas
a critical currentg and is in parallel with its self-capacitance C &adhunt resistance R, which has a
current noise sourcgl(t) associated with it. The equation of motion is

CV +lgsind+V/R=1+Iy (). (2.3)

Neglecting the noise term for the moment and sgiirr hé/2e, we obtain
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where
= —(®y/21)(15 + l,coD). (2.5)

One obtains considerable insight into the dynamfdhe junction by realizing that E(R.4) also
describes the motion of a ball moving on the 'tilleashboard" potential U. The term involving C
represents the mass of the particle, thedfm representhe damping of the motion, and the average
"tilt" of the washboard is proportional to. For values of | 4(, the particle is confined to one of the
potential wells [Fig. 1(b)], where it oscillatesdeand forth at the plasma frequency¢®]=
(2nl o/®C)Y2[1- (I/1g)2]1/4. In this state< § > = 0 and hence the average voltage across toégaris
zero (< > represents a time average). As the guisencreased tiy, the tilt increases, and when |
exceedsg, the particle rolls down the washboard; in thétest § >=0is nonzero, and a voltage
appears across the junction [Fig.1(c)]. As theentris increased furthe; § > increases, as does V.
For the nonhysteretic case, as soon as | is rechaled/| the particle becomes trapped in one of the
wells, and V returns to zero. In this, the overdadcase, we require [9,10]



Bc = (2nlQR/PO)RC =wRC < 1; (2.6)

wy2r is the Josephson frequency corresponding to thegeobhR.
We introduce the effects of noise by restoringrtbise term in Eq. (2.4) to obtain the classical
Langevin equation

he g oo o
Z‘S + 5o 6 +1gsind =1 + Iy(D). 2.7)

In the thermal noise limit, the spectral densityppft) is given by the Nyquist formula
Si(f) = 4kgT/R, (2.8)

where f is the frequency. It is evident thg(t) causes the tilt in the washboard to fluctuaith wime.

This fluctuation has two effects on the junctidfirst, when | is less thdy , from time to time

fluctuations cause the total current In{() to exceedg , enabling the particle to roll out of one potahti
minimum into the next. For the underdamped jumgtthis process produces a series of voltage pulses
randomly spaced in time. Thus, the time averaghefoltage is nonzero even thoughlp<and the | -

V characteristic is "noise-rounded" at low voltaffel]. Because this thermal activation process reduces
the observed value of the critical current, thera minimum value dfy for which the two sides of the
junction remain coupled together. This condition is

lo®g/2n = kBT, (2.9)

where h®g/2n is the coupling energy of the junction [2]. ForFB.2 K, we find ¢ < 0.2 pA.

The second consequence of thermal fluctuationsltage noise. In the limic << 1 and for | 3,
the spectral density of this noise at a measurefreaiency n that we assume to be much less than the
Josephson frequency fs given by [12,13]

2 Bo<<1
27 4kgTR c
S/(fm) =[1+%(ITOH R d . 1> 1o (2.10)

fm<<fy

The first term on the right-hand side of Eq. (2.6€Presents the Nyquist noise current generatdwbat
measurement frequengy, fflowing through the dynamic resistancg ®dV/dl to produce a voltage
noise (Fig. 2). The second term, (1/gl)P (4kgT/R)R{, represents Nyquist noise generated at
frequencies f+ fm mixed down to the measurement frequency by theplhson oscillations and the
inherent nonlinearity of the junction. The faatoixing coefficient (1/2)( /I)2 vanishes for sufficiently
large bias currents. The mixing coefficients fog Nyquist noise generated near harmonics of the
Josephson frequenciegy23f], ... are negligible in the limip#/fj << 1.

2.1 The quantum Langevin equation
At sufficiently high bias current, the Josephs@utiency jexceeds gT/h and Eq.(2.7) becomes a

guantum Langevin equation for which the spectrabitg of (1) is (2hf/R)coth(hf/2KT). The
spectral density of the voltage noise across thetion is



4kgT 10\2
sy(fy) = {TB . %’ (To) cot %ﬂ RoZ. 2.11)

We have assumed thaphikgT << 1, so that the first term on the right-hardksdf Eq. (2.11) remains
in the thermal limit. Thus, quantum correctionktffthe observed voltage noise become important in
the limit epR/kgT >> 1 provided the term (1/2)1)2 is not too small. In the limit hf >> 2K, the
spectral density of the current noise in the resiRtreduces to the quantum value 2hf/R. In i,

the second term on the right of Eq.(2.11), (2eM@R)2 Ry, represents noise mixed down from zero
point fluctuations near the Josephson frequency.

2.3 Observation of quantum fluctuations

Zero point fluctuations were first observed inuarent biased, resistively shunted Josephson
junction using the circuit shown in Fig. 3. Thdtage noise was measured at three frequencies agsne
of two LC-resonant circuits connected separateiy arallel to a low noise, room temperature
amplifier. Measurements at the three frequenciesval the subtraction of a small contribution df 1/
noise from the junction; the measured voltage naigbcurrent noise of the preamplifier were also
subtracted. In the low frequency limit, the spddemnsity of the voltage noise across a given tarduit
with inductance Lwas @S,(0), where the quality factor Q@L/Rp. Thus, the quantity,8)/Ry? was
independent of Q, and could be compared directily thie prediction

4kgT  2ev(10\2  [eV
V$fm)/RD2 = {? + R I\T cot kB_T) (2.12)

using measured values efR, I, V, T and L We note that the term (2eV/R)()’coth(eV/kT) can also

be written as (4eV/IRXM)¥[exp(2eV/ksT) — 1]*+1/2}, that is, essentially as the Planck energlyer
zero point energy.

The results are shown in Fig.4. Figure 4(a) sh8)M8)/R,’Vs. voltage (proportional to
frequency) for the junction at 4.2 K. The openleiscshow total the measured noise and the solitesir
show the noise after corrections. The solid linthamupper plots is the prediction of Eq. (2.1X)eveas
the dashed line is the prediction with the zerapt@rm subtracted, that is, (4eV/R))IH{[exp(2eV/ksT)
— 1]%. The lower set of plots show the mixed down npisatained by subtracting 4k/R from the solid
circles, and the solid line is the predicted vaReV/R)(/1)*coth(eV/kT). The lower dashed line is the
prediction with the zero point term removed. Thagin Fig. 4(a) show very clearly that the zeainp
term is required to fit the experimental data.

We can extract from the data the measured speleraity of the current noisg(f$ generated by
the resistance R. We multiply each value of theeshidown noise by 2({)%, and set 2eV =\h The
results are plotted in Fig. 4(b) for 4.2 K (solicctes) and 1.6 K (open circles). The solid lines the
corresponding predictions of Eq. (2.12) with meaduralues 09 = 2eV/h, R and T. The agreement
between the predictions and the data is rather,ggsmécially bearing in mind that there are ninfitt
parameters. The dashed lines represent the poedintthe absence of the zero-point term, andafll
dramatically at the higher frequencies.

These results demonstrate, first, the existeneezefo-point term in the spectral density of the
current noise of a resistor in thermal equilibriand, second, that these fluctuations give risaeo t



limiting voltage noise in a current-biased resitjvshunted Josephson junction in the quantum fonit

> |o. It should be emphasized that the observatiohefero point term is entirely due to the nonliitgar

of the Josephson junction that mixes down highufeegy noise near the Josephson frequency. One can
think of the zero point fluctuations as randomlydulating the tilt of the washboard, a process that
requires no energy but that modulates the ratéhsthithe phase difference evolves with time.
Furthermore, the good agreement between the ddttharmodel predictions justifies the use of a
guantum Langevin equation to calculate quantumenioign overdamped, current-biased Josephson
junction in the free running regime | & IThis gives us some confidence in the use ofaatum

Langevin approach to calculate the noise in a ddi8Qn the quantum limit.

3. Thedc SQUID

3.1 Equations of motion: the classical Langeaqguation

Figure 5 shows the model for the dc SQUID. Tweepbson junctions are connected in parallel on
a superconducting loop of inductance L. Each jonds resistively shunted to eliminate hysteresis
the | -V characteristics. When we current biasSJID into the voltage state and apply a
monotonically increasing magnetic fldx the critical current and | — V characteristic aredulated
with period®,. The SQUID is generally operated near the steéepgion of the V @ curve, which
occurs at about (n + ¥)/2 where the flux-to-voltage transfer coefficievit, = (0V/0®), is a maximum.
Thus, the SQUID produces an output voltaye= V40® in response to a small applied flase, and is
effectively a flux-to-voltage transducer.

Our goals are to calculate,Vthe spectral densities of the voltage noiggb$and circulating
current noise ) and their cross correlation spectrug(8. The SQUID inductance is L, each junction
has a critical current,la self capacitance C and is shunted with a pedistThe phase differences
across the two junctions abeandd,, respectively, and the associated resistors halependent
Nyquist noise currents{ and k.. The equations of motion are [16,17]:

V = (W/de)61 + 35), (3.1)
J = (Py/2mL)[ 8, — &, — (2TD/Dy)], (3.2)
©C/26)5, + (W/2eR)5, = 1/2 — J —§sind, + Iyy, (3.3)
and
©C/26)5, + (W/2eR)5, = /2 + J — §sind, + Iye. (3.4)

Equation (3.1) relates the voltage to the averateaf change of phase; Eq. (3.2) relates the riime
the loop, J, t®; — &, and to®; and Egs. (3.5) and (3.6) are Langevin equationpled via J. There are
no analytical solutions for these coupled, nonlirezuations—at least in parameter ranges of pedctic
interest. Rather, these equations have been spoiwedrically for a limited range of values of theéseo
parametef = 2rkgT/lo®P,, reduced inductandg =2L1y/P, and hysteresis paramefir= 0. For typical
SQUIDs in thé'He temperature rande= 0.05. Full details of Claudia Tesche’s simwlasi can be
found in ref. [16]. The first task is to compute tihependence of the critical current on appliex #u
purely static problem. A much more complicated glation is to find the time averaged values oflthe



characteristic as a function of applied flux, frarich one can compute the time-averaged voltags.V v
®, and hence find §. One also computes the current J circulating atabe SQUID loop.

3.2 Current-voltage characteristic, flux-tdtage transfer function and noise

As an example of the results, Fig. 6 shows the dreraged I-V characteristic of a SQUID for
three values of magnetic flux. Noise roundingoat Voltages is clearly visible. Figure 7 shows ¢hkey
results: \b, S,(0) and flux noise §'40) vs. I/b. Figure 7(a) shows that\peaks as a function of bias
current, at a value that depends on the applied flar each value of flux, the peak occurs at the
maximum value of the dynamic resistance; the pgdilighest when the flux #8,/4. The spectral density
of the noise voltage was computed as a functidriasf current at fixed flux, and found to be white a
frequencies well below the Josephson frequencgurki7(b) shows that for each value of flux thesaoi
spectral density peaks smoothly at the value didne \};, is a maximum. These results are combined in
Fig. 7(c). in which we plot the ratio,%(0)/V to yield the flux noise §%(0) vs. bias current for three
values of flus. We note that the minimum in fluxs®is substantially broader in bias current that t
peaks in voltage noise and transfer function, aatithe lowest flux noise occurs®g/4.

A convenient way of comparing the flux noise in QB with different parameters is in terms of
the noise energy per unit bandwidth

£ = Sy(0)/2L. (3.5)

From a series of simulations, one finds that theeenergy has a minimum wh@n= 1. Forl" = 0.05,

Bc=1,® = (2n = 1¥y/4 and at the value of | at whichy,i6 a maximum, the optimized results can be
summarized as follows:

o RIL, (3.6)
S/(0)~ 16k TR, (3.7)
So(0) = 16k TLYR, (3.8)
£~ 9k TL/R = 16k T(LC)*2. (3.9)

Equation (3.6) shows that\can be written as a characteristic frequency,EBnd3.7) shows that the
voltage noise spectral density is about 8 timed\yruist noise in a resistance R/2 (the parallgistance
of the two shunt resistors). To obtain the lagression in Eq. (3.9), we set R®q(2riC)*? (B, = 1).
The resulting expression shows that the noise grem@es with T, reflecting its origin in Nyquisbige,
and inversely with the characteristic frequency€)(*2 Thus, in the classical limit, reducing the
temperature reduces the noise energy. Furtherrtaonajler is better"—lowering the loop inductance
and junction capacitance will reduce the noisegnérhese results have been found to be good
predictors for the performance of practical SQUIDs.

As we shall see in our discussion of amplifiemyever, the noise energy is not a complete
specification of the SQUID because it does not aotéully for the circulating current noise. Claad
calculated the current noise, and its spectralitfe8g0) is plotted in Fig. 8(a). For fixed flux, thercent
noise peaks as a function of bias current. Asltheis increased from zero, the peak current noise
increases, diverging &ty/2. For a SQUID with3. = 1, = 0.05 andb = (2n+1Ypg/4, the peak spectral
density of the curremioise is [17]

Sy = 11 kgT/R. (3.10)



Furthermore, the current noise is partially cotedanith the voltage noise across the SQUID, agvsho
in Fig. 8(b). For the same parameter values, dad pross-spectral density is [17]

Sva(f) = 12 kaT. (3.11)

The correlation arises because the current noisergees a flux noise which, in turn, contributeth®
total voltage noise across the junction, providesl/0.

3.3 Practical dc SQUIDs

Modern dc SQUIDs are made from thin films with #ié of either photolithography or electron-
beam lithography, and come in a great variety sfgles. A widely used design that is available
commercially was introduced by Mark Ketchen andrégflaycox [18], and is shown in Fig. 10. The
SQUID body consists of a square washer with a lsging@erconducting input coil deposited on it vati
intervening insulating layer. Such devices arécBly fabricated in batches of several hundred on
oxidized silicon wafers. Except for the resistbreints, the entire structure is made of Nb. Thetjans
are patterned from a Nb/AIOx/Nb [19]. In this pess, following the deposition of the Nb base etefer
and a thin Al layer, the Al is oxidized in a reddgaressure of oxygen and the Nb counter electmde i
deposited. The entire trilayer is formed withamoving the wafers from the controlled atmosphére o
the sputter system. The junction areas are debigethodizing a small ring of the counter electcael
the base electrode is etched to form the SQUID ®rashm subsequent operations, one adds the Nb laye
that forms the input and flux modulation coils andkes the connection to the counter electrode, the
shunt resistors (typically Mo or Pd), and the fiNdl layer that connects the innermost turn of tpaui
coil. The insulation between each layer is usuaiy», and patterning is performed with reactive ion
etching. Typical loop inductances are 100 to 4dGpd the shunt resistances are a few ohm.

Design guidelines for the square washer SQUID \giasren by Ketchen and Jaycox[18], who
showed that a square washer (with no slit) witterremd outer edges d and w has an inductance p)(loo
=1.25 pd in the limit w >> d. They gave the following e®gsions for the inductances of the SQUID
and spiral coil, L and;l.and for the mutual inductance;,Metween them:

L =L (loop) + Lj, (3.12)
L = m(L-L;) + L, (3.13)
M; = n(L-L;) (3.14)
a? = (1-L/L)/[1+L JrA(L-L))]. (3.15)

Here, Lj is the parasitic inductance associated thie junctions and slit, n is the number of tusnghe
input coil and L is the stripline inductance of this coil, whichgenerally much smaller thanfor n=
20. Measured parameters are generally in goocagmet with these predictions.

4. Low frequency SQUID amplifiers

4.1 Noise Temperature

Before delving into the theory of SQUID amplifieitsis convenient first to introduce the concept
of noise temperatureyI For simplicity, we consider a field effect traster (FET) amplifier which at low



frequencies has a high input impedance and dodsambthe source. Its voltage gain is —A. Refitee
its input terminals, the FET hawitual voltage noise ,gand an uncorrelateattual current noiseythat
develops a voltage noisgR; across a resistance édnnected across its input. Our goal is to déteem
the optimum value of hat minimizes T.

The voltage noise at the amplifier output isV-A(ey + ivR)). Since g and | are uncorrelated,
the spectral density of this noise i S A%(S. + SR?). We introduce T as the temperature at which the
Nyquist noise associated with Would produce the equivalent output noise spedeabity, 4kTRAZ.
Equating these two quantities gives T (S/R + SR))/4ks. Finally, differentating with respect tq R
yields the optimized values

R = (/)" (4.1)
and
Tv™ = (§8)"12ks. (4.2)
4.2 SQUID amplifier theory, noise and optimiaat

We now discuss the theory, operation and performan&QUID amplifiers at frequencies up to,
say, 100 MHz. In this frequency range, we cart tleaamplifier in the lumped circuit approximation
“op-amp” approximation—in fact, as we shall see, 8QUID amplifier is in many ways the dual of a
semiconductor operational-amplifier. We recogrizthe beginning that the SQUID is a complicated,
highly nonlinear device. In particular, the capacte between the input coil and the SQUID waster m
attenuate the coupling of the SQUID to the inpttuit at the Josephson frequency. In the limivhich
there is no attenuation or very high attenuatibe,dalculations of the influence of the SQUID oa th
input circuit and vice versa are straightforwaha.practice, the coupling is likely to be somewhere
between the two limits, so that the mutual inflleshare nontrivial calculations. Consequently we
consider a rather simplified model based on motailde publications [20 — 22].

If we imagine “looking” into the input terminals afcoil to SQUID we will "see" a dynamic
impedance in the SQUID loop that can be written in the fdi8]

I1ZE Ujwe + 1R, (4.3)

where j =V—1. The dynamic inductanc€and dynamic resistancg are not simply related to L and R,
but vary with bias current and flux; for example?is zero for certain values of flux. The terfiand 2
introduce additional inductances and into the imginetuit; furthermore, the input circuit renormaisL
and V,. Strictly speaking, we should take these correstiato account. It turns out, however, that for a
tuned amplifier with a reasonably high quality factwe can neglect these terms, as we shall see.

The configuration of a tuned amplifier is showrFig. 10(a). An input voltage source(ty with
source resistance B connected in series with a capacitgrte input coil of a SQUID and some stray
inductance L The output voltage from the SQUID is.VIn general, the presence of the input circuit
modifies all the SQUID parameters, including thésaderms [20, 21]. By the same token, the dynamic
impedance of the SQUID is reflected into the ingtttuit. If theeffectivecoupling coefficient between
the source and the SQUID is sufficiently weak, hesvewe can neglect these mutual interactions. For
the purpose of illustration, we assume a SQUID witlen values of M L;, L, Vo, S/(f), Si(f) and S;(f),
and find the values of;@nd Rthat optimize the noise temperature.

4.2.1 Tuned amplifier: on resonance



In the weak coupling limit, the SQUID noise vokaig represented awvatual current jin the
input circuit \WM;V . The noise currenpyin the SQUID loop induces attual voltage g = —jwMiJy
into the input circuit [Fig. 10(b)]; since on resmte the impedance of the input circuit jstRe current
generated is ¢gMj/Ri. It is important to note that this currentisquadrature withyJand thus with

the contribution thatyJmakes to the voltage noise across the SQUID. @¥ethat the noise termg e
and | are the dual of those for an FET, for which therent is actual and the voltage is virtual.
Inserting the spectral densities @fand j, into Eq.(4.1) immediately yields

R = wMi2V¢(SJ/S\/)1/2 ~ oL, (4.4)
and

TN = (S,S) 2 /keV o = 18fT/ Vo ~ 2fe(f)/KB, (4.5)
where we have used Egs. (3.6), (3.7) and (3.103.n@{e that the cross spectral tery &ops out of
TN This is because the current induced into the timineuit is in quadrature withy,) and is thus
uncorrelated with the contribution of fo the voltage noise across the SQUID. Furthermasenoted
earlier, althouglE(f) does not fully characterize a SQUID amplifiaithin the framework of the model,
it does enable one to predig.T

We now introduce the quality factor of the tuneduit

Q=w(L; + LY/R = (L + Lyla’L; > = 1o, (4.6)

where we have used Eq.(4.4). Here,
a2 =a’Li/(L; + L) = MAL(L; + Ly (4.7)

is theeffectivecoupling coefficient between the SQUID and the irgircuit. Since Qite’ =~ 1, we see

that even moderately high-Q imply that? is small, thereby justifying the assumption tha ean
neglect the mutual interaction of the SQUID anduingrcuit.. One also finds

One can readily calculate the gain on resonafoea? << 1, an input signal Moroduces an
output voltage ¥~ (Vi/R™)MiVop. Thus, the square of the voltage gain is given by

G, = MWV (R~ (RIR™(V o/w), (4.8)
where we have used Egs.(3.6) and (4.4). We se&thatthe ratio of the characteristic frequencytd
the signal frequency f, and in this sense is resnant of a parametric amplifier. The dc SQUID mixps
the signal to a high frequency, and down convettsthe signal frequency with gain.
4.2.2 Tuned amplifier: optimized noise temperature
Operating a SQUID tuned amplifier at the resoreatuency, however, does not give the lowest

noise temperature, and we now consider the offa@sce case. In the weak coupling limit, the noise
current § induces a voltage esMijJy into the input circuit, and hence a currerbMj/Zj, where



Zi~ R +jw(Lj + Ly + 1/jCi (4.9)
is the impedance of the input circuit. In genettais current is not in quadrature witfy 3ince the input

circuit has a complex impedance. This noise ctiri@nturn, induces a fluin the SQUID loop and
finally a voltage MV @/Zj across the SQUID. Thus, the noise voltage aciessSQUID in the

presence of the input circuit is

V' = VN — joMZhWV a/Zj, (4.10)

where W is the noise voltage of the bare SQUID, which wsume to be unchanged by the input circuit
in the limit of smalla. The spectral density ofyis found to be

Sv(f) = Sv(f) + WMV SNZ[ — {20M*Vo[0L; + L) — LCISw(OYIZ i (4.11)

We now apply a sinusoidal input signal frequeat$r, with a mean-square amplitude &/ The
mean-square signal at the output of the SQUID is

VB = MV <V (4.12)

The signal-to-noise ratio is

SIN = <V,>/ Sy(f) B (4.13)

in a bandwidth B. We introduce the noise tempeeafiy for the amplifier by setting S/N = 1 with
<V = 4kgTNRiB. This procedure implies that the output noisevgrogenerated by the SQUID is
equal to the output noise power generated by thistoe R when it is at a temperaturgyT We optimize
TN with respect to Rand G for a given value of jLto find

R = oL + LLV o/SI(SvSs — Si)™ (4.14)
LG = wo(L; + L(L +02Sy,LV o)/Sy, (4.15)

and
TN = (lkeVo)(SSy— S (4.16)

We note from Eq.(4.16) that the optimum noise tenaijpee occurs off-resonance. For the values of the
spectral densities given in Egs. (3.7), (3.10) @ll), T°PYTy"**~ 0.4.

As a final remark, we note that this theory iscamed only with the noise temperature of the
amplifier itself. Nyquist noise from the input igt®r may add a contribution that exceeds the dimpli
noise. When the value of\Tis well below T, the optimization procedure outlihabove does not
necessarily give the lowest system noise.

4.3 Experimental configuration, operation gedformance



Hilbert and Clarke [22Jmade several radiofrequency amplifiers with bothetli and untuned
inputs, flux biasing the SQUID nedr = (2n + 1¥g/4. There was no flux-locked loop. The measured
parameters were in good agreement with predictidfar. example, for an amplifier with R8Q, L =
0.4nH, ;j=5.6 nH, M~ 1 nH and \ ~ 3x10!0secl at 4.2 K, they found G = 18.6 + 0.5 dB ang ¥
1.7 £ 0.5 K at 93 MHz. The predicted values wetalR and 1.1 K, respectively.

5. High frequency SQUID amplifiers. the quantum limit
5.1 Noise and optimization in the quantum limit
For a linear, phase preserving amplifier, the tuarimited noise temperature is given by
To = hfl2ke. (5.1)

More generally, convenient way of expressing thisantemperature is in terms of Caves’ added noise
number A [23]:

Tn = Ahf/kg. (5.2)
Clearly, A =% for a quantum limited amplifier.

The noise temperature for an optimized SQUID tummraglifier at T = 0 was computed by Roger
Koch [24]. The approach was to replace the themaie currents in Egs.(3.3) and (3.4) with quantum
noise currents with spectral density 2hf/R, complugequantities ¥, Sy, S, and §; in the quantum
regime and optimize the parameters for lowest neisgerature. The results are summarized in Hig. 1
which shows seven computed and derived quantitieBux at a constant bias current for R =@, =
1 and three values @8f. The peak values of/ S;, § and S;for 3. = 1 are substantially higher than
those fo3.= 0.25 and 0.5, reflecting a higher dynamic resista The values of values of,\dnd S
were used to compugdFig. 11(f)], which for the lower values @f has a minimum below. Finally,
Ve and the three noise terms were used in(B4$) and (5.2) to compute A, which had a minimum value
of 0.5, off resonance. The estimated computatiapaliracy was + 15 %. Needless to say, the predict
that the SQUID with a tuned input circuit shouldadly be a quantum limited amplifier assumes the
validity of both the quantum Langevin equation #mel optimization proceedure developed for the
thermal limit.

To demonstrate quantum limited amplifieatione requiresg™> T. For a lowest practical
operating temperature of 20 mK, this implies tha&t signal frequency should be greater than abéut 0.
GHz. At the time the theory was developed (198QUIDs were invariably used at much lower
frequencies, and there was no motivation to deveigahertz devices.

5.2 The microstrip SQUID amplifier
5.2.1 Principles, gain and tuning

The original motivation to develop a SQUID amglifivith high gain and low noise at gigahertz
frequencies was the need for such a device foatimn detector (Sec. 6.1). The immediate challenge
with the square washer SQUID—which has been scesstul at lower frequencies—is the parasitic
capacitance between the coil and the washer thaiofb the response above a few tens or at ma3t 10
MHz. This problem was overcome by Michael Mick whoved one wire so that the input signal—
instead of being connected to the two ends ofrthaticoil—was connected to one end of the input coi
and the washer [25]. Thus, the signal is propagalieng the microstrip formed by the coil inductanc



and its capacitance to the washer. When the lesfdgtie coil corresponds 292, where is the signal
wavelength on the microstrip, one expects to ses@ance that couples the signal strongly to the
SQUID.

A microstrip consists of a superconducting stfigviolth w separated from an infinite
superconducting sheet by an insulator with dieleconstant and thicknesd. We assume that the
thicknesses of the two superconductors are mudiagréhan the superconducting penetration depth
and thatv >>d. The capacitance and inductance per unit lenfgiteomicrostrip are given b@s =
gegw/d (Fm™) andLs = (Uod/w)(1 + 2AJd) (Hm™) [26]. Herego = 8.85 x 102 Fmi* andp, = 4r x 10
Hm™ are the permittivity and permeability of free spaandc = 1/(0)*? = 3 x 10 ms™ is the velocity
of light in vacuum. The factor (1 AZd) accounts for the penetration of the magnetidfieto the
(identical) superconductors. The velocity of asclomagnetic wave on the microstrip is thus gilen
= c/le(1 + 24Jd)]¥? and its characteristic impedance hy=ZLJ/C)"? =(d/w)[uo(1 + 2Jd)/egg]"% For a
microstrip of lengtt with its two ends either open or terminated wéhistances greater th#g) the
fundamental frequency occurs whien /2 [26],

fo(Le) = c/Z[e(1 + AJd)]Y2 (5.3)

The resonant frequency of the microstrip SQUID, &aesv, is complicated by the inductive
loading produced by the SQUID. Equation (3.13)liepthat L should be replaced bylde, where we
have assumed that L >3 &nd neglected;Lresulting in the resonant frequency [27]

fo(n’L) = c/2n€LCY)™> (5.4)

Figure 12(a) shows the circuit of the microstriplBD amplifier (MSA). In the first
experiments, a sweep oscillator was coupled tdt84 input via a room-temperature, 100-dB attenuator
and a cold 20-dB attenuator that prevented nogsea the generator from saturating the SQUID. THd co
attenuator also presented an impedance 61 &®both the input coaxial line and the MSA. Aced
cold, 4-dB attenuator coupled the output of the 8Qtd a room-temperature postamplifier. The gdin o
the system excluding the MSA was calibrated byafisecting the MSA and connecting together the
input and output attenuators. All gain measuremesstre referred to the baseline so obtained. Eigur
12(b) shows gain vs. frequency for four MSAs witbgressively shorter coils. The peak gain was fibou
18 dB, and occurred at progressively higher freqigsnas the coil length was reduced. These
frequencies were given approximately by Eq. (5.4).

In many applications, it is desirable to tuneftieguency at which the maximum gain occurs.
Tuning is accomplished by connecting a GaAs varalitle across the otherwise open end of the coll
and the washer [28]. The capacitance of the diadiebe varied by changing the value of the revieiesse
voltage. Changing the capacitance modifies thegihift of the electromagnetic wave when it is
reflected, thereby increasing or decreasing thecttffe length of the microstrip and lowering oisiag
the peak frequency. In the experiments, the ctgrame of two diodes in parallel (to increase thmerty
range) could be varied from 1 to 10 pF by changfiegbias voltage from 1 V to —22 V. The diodesaver
connected in series with a capacitor to avoid dpglg static voltage to the microstrip. The gain f
optimized current and flux biases for a SQUID v@thturns is shown in Figure 13 for 9 values of diod
capacitance. We see that the peak frequency iggssively lowered, from 195 MHz to 117 MHz, as the
capacitance is increased. The maximum gain istaohat about 28 dB over this range. In the alesefic
the varactor diodes, the peak frequency is abddt\®#z. The dependence of the peak frequency on the
varactor capacitance is in reasonable agreememtavgimple model [28]. The presence of the varacto
increases the gain, most likely by increasing thgrele of positive feedback from the output to tpit.

5.2.2 Scattering parameters and input matching



To maximize the gain of the MSA, it is essentiakhow its input impedance, which is generally
complex. A two-port network can be described Isgaitering matrix that relates the voltagangident
at one port with the voltage Veflected from a second port [29]. The scattedatameter is defined as
S = Vi'/V,~+ , Where g is the input reflection coefficient with the outgort terminated by a matched
load, and § is the forwardyain. Figure 14 shows the configuration for agetibn measurement of ;S
[29]. The vector network analyzer (VNA) and theiwas cables were calibrated by replacing the imgbut
the MSA, in turn, with ampen-circuit, a short-circuit and a §Dresistor.

Measurements were made on a MSA with the follovgatameters. For the SQUID AL450 pH,
lo= 2UA, C=0.2 pF, R=20Q, B. = 0.9 and3. = 0.5; for the coil, n = 1%~ 15 mm, w= 5um, d= 400
nm ande = 5.5. Figure 15 show§;;, converted to input impedance, versus measureimeguiency with
a flux bias®y/4. For a low-loss transmission line, these resoaa@urves can be described [B9]the
input impedance

Zin = Zo[Z, + Zotanh§))/[ Zo + Z, tanh{)]. (5.5)

Here, % is the characteristic impedance,iZ the terminating impedance, and a + if is the complex
propagation constant. The data are an excellett Ef.(5.5) with Z = oo, a =1.9 Np/m,3 =209 m*,

and the resonant frequeng¢y 506.2 MHz. For the given microstrip geometrye dimds £ ~ 16

Q, which is reasonably consistent with the measuréaevaf 14Q, andc = 0.33c [26], which predicts a
resonant frequency of about 3 GHz. If, insteaduseEq.(5.4), we find a resonant frequency of ibou
700 MHz, which is not too far removed from the mead value. Since the effect qrisfmuch greater
than onZ,, we conclude that the loading is in the form ddrmaped—rather than distributed—inductance.
We note that changes in both the current and flagds affect the S-parameters.

With Z, = oo, the impedance can be equivalently described dyp#nalleReLeCeircuit shown
in Fig. 14(b);C, represents the static capacitance of the lings Miodel gives a direct measure of the
circuit parameters [27]. Figure 16 shows the yameof f,, V, Zo, C., Le, andRe with bias flux. The
variation is very mixed. The sign 9}, is positive ford < ®y/2 and negative fob > ®y/2. BothZ, and
L are roughly asymmetric abo®/2. On the other hanél, C. andR. exhibit no evident systematic
behavior.

We determined the forward scattering parameter-8ssentially the amplitude gain—by connecting the
output signal from the SQUID to the room tempemrpostamplifier and measuring it with the VNA
[Fig. 14(a)]. We calibrated the gain by replacihg MSA with a short. The real and imaginary pafts
S,; are shown in Fig. 17(a). From the circuit moddFrig. 17(b), we predict3to be MV 4i /V;, where
M; is the mutual inductance between the coil andSQ¥JID, i is the rf current in the microstrip, ang V
is the input voltage. This circuit model is as efwith the addition of a voltage source with an
impedance Rof 50Q and a coupling capacitor.CThe solid lines are predictions from the expr@s$or
S using the value€; = 3.2 pF,C.= 222 pF L= 2.4 nH,C.= 40.9 pF, andR=400Q from the
measurement dh,, and fitting an overall scale factor correspondimghie transimpedandéVy, = 23.0
Q. The static valueg,=40 uV/+0 andM; = 3.5 nH yield a transimpedanceG&Q, about a factor of 3
higher. This implies a reduction M; or V, from its low-frequency value; possibly both areueed.

The central goal of these measurements is to digtertime coupling of the input circuit to the
MSA required to optimize the gain and noise temjpeea TheS;; results indicate that the intrinsic quality
factorQ of the MSA at 4.2 K is typically 40-80. Tl@@values found from th&,; measurements with a
source impedance of 8D, however, are typically 5-20, implying that the smiimpedance



significantly damps the resonator. Decreasing theling between the source and the MSA would
increase, but at the same time, reduce the signal coupléldet resonator. The problem of coupling a
resonator to a real source impedance is solved asitical coupling, that is, matching the real edance
at resonance to the source impedance by meanseoies capacitor. The circuit model resulting fritve
Si; measurement can be used to estimate the reqeiried soupling capacitan{29] C. =

(160 °RyR.LCo) ™. For the circuit parameters of a different MSAhwiine turnsf, = 0.816 GHzR.=
714Q andC.= 4.4 pF, we findC. = 1.4 pF. The measured gain for three valugs.@fre shown in Fig.
18. The maximum gain occurs 0 = 2.2 pF. The resonator is clearly overcoupledXor 10 pF and
undercoupled fo€.= 0.5 pF. These results are in good agreementtidtipredictions from the
equivalent circuit model.

These measurements demonstrate that the importgrgnties of the MSA can be represented by
a low-loss transmission line leading to an equivatércuit model. By measuring the input impedance
with the coil open circuited, one can predict theximum gain and frequency response. One can also
design the input circuit to give maximum gain bigically coupling the source to the microstrip
resonator. Needless to say, the model parametestrangly dependent on the value$,0B, B., and R;
Sincely may change with temperature, the S parameterddshittimately be measured at the desired
operating temperature.

5.2.3 Noise temperature

Numerous measurements have been made of the aniperature of the MSA. For brevity, |
shall describe only the most recent measurememtsed out at millikelvin temperatures [31], withet
MSA design based on the results of S-parameteruneragnts. The inner and outer dimensions of the Nb
washer were 0.2 and 1 mm, corresponding to a ledycitance (including the slit) of about 400 pH.clkta
of the two Nb-AlOx-Nb Josephson tunnel junctionghwlimensions of 2 x @m? had the following
approximate parameteig:=4 yA, C=0.2 pFR=16Q, 4 =1.6, 5= 0.6 and \4 = 100uV/®P,. The 8-
turn coil, with a 5pm width and 154m pitch, produced a resonance varying from 620t MHz,
depending on the SQUID static current and flux dsasAt low temperatures, dissipation in the regst
shunts typically raises the electron temperatut2tb— 150 mK, thereby increasing the Nyquist noise
[32]. To reduce this temperature, we connecte@0ax&00um?® cooling fin [32], fabricated from 500-
nm-thick Au-Cu alloy, to a corner of each shuntstes (Fig. 19).

Figure 20 shows a schematic of the experiment.M84, together with its bias and coupling
circuitry, was housed in a copper box, lead-platedhe inside, that shielded against radiofrequdrity
interference and changes in ambient magnetic fidlkds box, surrounded with a Cryoperm shield, was
mounted on the mixing chamber of a dilution refrider, and cooled to temperatures ranging from 40
mK to 1 K. All bias lines were heavily filtered. @aAs HEMT (High Electron Mobility Transistor) pest
amplifier with a gain of 18 dB and a noise tempeanafl, of about 1.4 K was installed in the helium bath.
To reduce out-of-band noise from the HEMT that daxduple to the MSA we inserted a coaxial low-
pass filter, with a cutoff frequency of 1 GHz, betm the MSA output and HEMT input. The MSA
output was matched to the SDimpedance of the filter with a lossless L-matamsisting of a 12-pF
off-chip capacitor [Gin Fig. 20] connected across the series inducténgeapproximately 5 nH) of the
on-chip output leads of the MSA. The gain of thBAMwas optimized by means of a 2.2 pF capacitor
(Co) in series with the input resonator, criticallyupting it to the 502 source impedance. The gain of
the MSA was determined by connecting a signal feomector network analyzer (VNA) to the input of
the MSA via a cold directional coupler. The outpatver was amplified and measured with the VNA. A
calibration run determined the loss and electi@adth of the signal path with the MSA replacedwét
short.



The value of T was measured over a wide frequency range usinigateold load technique.
With the MSA input connected to a SD+esistor, the output power consists of the nomegy
contributed by the amplifidPy = GkgTyB. , and the amplified Nyquist noise power of thegesiP =
GhfBcoth(hf/2KT) = GksTB. The hot-cold load technique involves two measamsiof the output
power,P; = Gky(T; + Ty)B andP, = Gkg(T, + Ty)B, with the 509 source at different temperaturbsand
T,. The ratioR = P,/P; yieldsTy = (T, —RT)/(R —1). The variable temperature source consisted of a
50Q, SMA termination, a wire-wound heater and a Rul@rmometer embedded in a block of oxygen-
free, high-conductivity copper. The temperaturthe block was regulated with feedback. The optim
current and flux bias points were determined wittomated scans.

Noise power spectra were acquired with the&bdad resistor at 100 and 300 mK; typically 5000
spectra were averaged together to produce thesvafiz andP,. At each frequency, the ratfs/P; was
used to determine the system noise temperdiir®©btainingTy from Ts requires two corrections. The
first is to subtract Tp/G to correct for the HEM®ise, taking into account the 0.3 dB loss betwéen t
MSA and the HEMT. This reduction is about 12 mKestonance. The second correction is for the
measured insertion loss of the directional couptet the cable loss between the(b0esistor and the
MSA, about 0.2 dB, corresponding to a 2-mK corttoTy.

Figure 21(a) shows the measured gain and lowestures noise temperature versus frequency
at 45 mK. The minimum noise temperature was #8mK, a factor of 1.6 above the vallig= 29.4 mK
at 612 MHz, for a gain of 20.4 dB and a bandwidtBbMHz; the corresponding added noise number
= (Tn/Tg) — % = 1.1. This value diy is a factor of about 30 lower than that of thet lg&sAs HEMT
amplifiers. An interesting feature of Fig. 21(a}le frequency dependencelQf The lowest value of
Ty, 48+ 5 mK, occurs slightly below resonance at aboutdt2, whereas the value on resonance is 66
+ 5 mK. This behavior was seen consistently in tlseggarate runs of the experiment, and is in qu&kta
agreement with the predictions of Eq.(4.16).

Finally, the entire process was repeated as thpeagature was progressively raised to 1000 mK.
Figure 21(b) shows the minimum measufgdersusT. We see thaty scales linearly with decreasing
temperature until saturating at a value abbyatT =~ 100 mK. In separate experiments at 100 kHz, it
was found that the flux noise also flattened odtatl00 mK, demonstrating that hot-electrons limited
the ultimate noise temperature [32].

5.3 Other dc SQUID amplifiers

There are at least two other approaches to usandd SQUID as an amplifier, both of which
separate the role of the resonator from the streafithe SQUID [33, 34]. [To be continued.]

6. Applications



6. Applications
6.1 The axion detector: The search for cold daatter

The original impetus for the development of theA&as the need for a lower-noise amplifier
for the axion detector at Lawrence Livermore Naidraboratory (LLNL), and | briefly describe this
application [35].

There is overwhelming cosmological evidence thaua2% of the mass of the universe is
cold dark matter (CDM); the corresponding denstgpproximately 0.45 MeVamm 3. Two leading
contenders for CDM are the WIMP (Weakly Interactigssive Particle), which supersymmetry
theories predict to have a mass of 10-100 GeV{ladxion. The axion was originally postulated to
satisfy a requirement in particle theory. The upjpeit measured for the electric dipole momentoa
neutron is 18 times smaller than the value expected from thedstal Model of particle physics. This
result implies tha€P conservation is vastly stronger than predicte@ré{ is charge conjugation and
P is parity inversion.) Peccei and Quinn [36] exket the Standard Model to suppress st©Rg
violation, and subsequently Weinberg [37] and Wikc38] independently postulated the axion—a
neutral, spinless particle—to resolve € problem. It is predicted that the rest mag®f the axion
lies between 1 peVeand 1 meVe (corresponding to frequencies of approximately RUQz and 240
GHz). Form, =1 peV¢e? the corresponding number densitypis 4.5 x 16" mm>.

In 1983 Sikivie [39, 40] showed that in the presenta high magnetic field the axion should
undergo Primakoff conversion into a real photorthweinergy equal to the rest mass of the axionaand
virtual photon. This prediction has led to the stouction of ADMX (Axion Dark Matter eXperiment)
— intended to search for the real photon — at LIB&]. The detector consists of a cavity 1 m lond a
0.6 m in diameter cooled to about 1.5 K in a maigrfetld of 8 T (Fig. 22). The cavity hasavalue
of about 16 and can be tuned over the range 0.7-0.8 GHz.olitpait from the cavity was originally
coupled into a cooled HEMT amplifier with a noisenperature of 1.7 K; thus the system noise
temperaturds was about 3.2 K. The goal of the experiment i®tk for a signal above the blackbody
noise of the cavity that would signify the preseatéhe photon produced by the decay of an axion.
Since the axion energy is unknown, one must sweefréquency of the cavity.

The expected signal is exceedingly small. Theq@hpobwer generated in the cavity by the decay of
the axions scales asn, x (magnetic field) x (cavity volume). There are two theories for $oaling
coefficient, which involves the coupling strengftttiee axion to the two photons. The KSVZ (Kim—
Shifman—Vainshtein—Zakharov) model [41, 42] yieddshoton powedP = 5 x 10%? W, while the
DFSZ (Dine—Fischler—Srednicki—Zhitnitsky) model [413l], which leads to a weaker coupling, predicts
dP=5x 102 W. To achieve the DFSZ limit with a signal-to-seratio (SNR) of 4, one can show
that the frequency scan rate is given by

df/dt = (80 MHz/yr)/1 GHzY. (6.1)

Equation (6.1) can be rewritten &#& d= 2.5 x 10" dt, wheref is in hertz and is in seconds. This
result, in turn, can be integrated to find the tirtfg f,) to scan from a lower frequentyto an upper
frequencyf,:

f(fy, f2) = 4 x 1071/, - 1/5) s. (6.2)

For the frequency decafie= 0.24 GHz td, = 0.48 GHz, one finds a scan time of about 270syea



Fortunately, there is every reason to believettiiatunrealistically long scan time can be
drastically reduced. For a power detector witteademperatur€; and bandwidtiAf, the Dicke
radiometer equation [45] yields an integration tir(fef,) given by

SNR = §P/ksTo) [ (fof,) /Af]Y2 (6.3)

Thus, for given values of SNRP andAf, we see that(f,,f,) O TZ. If one were to cool the cavity with
a dilution refrigerator to (say) 50 mK while retaig the existing amplifier, the value ©f would be
reduced by a factor of about 2 and her(¢gf,) would be shortened by a factor of about 4. Hmwel
instead one were to cool the cavity to 50 mK amdaee the HEMT amplifier with a MSA, also cooled
to 50 mK to produce a noise temperature of 50 rh& slystem noise temperature would be reduced to
100 mK. Consequently, the scan time would be reddiom 270 years by a factor of (3.2/6.t

about 8 months! Thus, the potential impact ofrttierostrip SQUID on this important cosmological
experiment is extraordinary, and would enable ortest the DFSZ limit over a decade of frequency in
a very accessible time.

The very low noise temperature of the MSA spurréids proof-of principle upgrade of the
axion detector in which the HEMT was replaced vaithMSA while the temperature was maintained at
about 2 K. Since blackbody noise from the caviaswot reduced, the decrease in scan time was tnodes
Rather, the object of the upgrade was to demoedtnat the MSA could indeed operate as expected on
the axion detector. In fact, the system workedezwely well at a frequency of about 842 MHz. Tae r
acquired 88732, 80-sec data sets, correspondiagéd 82 days of data [46].

In 2010, ADMX was moved to the University of Wagjion, Seattle. Here it will undergo a
second upgrade, with the goal of running the eetigeriment on a dilution refrigerator. This uplga
will enable a definitive search for the axion otlez energy range 1 — 1@V.
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